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Bimetall ic shells and plates are  widely used in technology (see [1, 2]). An investigation into 
the flexure and stability of thin shells and var ious  types of loading within the l imits  of e las t i -  
ci ty has been ca r r i ed  out in [3]. An investigation into the load-ca r ry ing  capaci ty of cyl indr i -  
cal bimetall ic  shells made of mater ia ls  which equally res i s t  tension and compress ion  was 
ca r r i ed  out in [4]. In many cases  the mater ia ls  of the base and plating layers  of bimetall ic  
construct ions  possess  substantially different plastic res is tance  under tension and c o m p r e s -  
sion [5]. The given paper is devoted to the investigation of the load-ca r ry ing  capaci ty of bi-  
metallic ax i symmet r ic  shells which are  made of mater ia ls  that have different res i s tances  to 
tension and compress ion;  it is also devoted to the a s sessment  of their  economy in compar i -  
son with homogeneous shells. 

1. We consider  thin bimetall ic shells of revolution, the two layers  of which are  made of different 
ideally r ig id-plas t ic  mater ia ls  with nonidentical yield points under tension and compress ion .  

The surface separat ing the l ayers  of the shell is taken as the reference  surface,  and we direct  the Z 
axis along the inner normal  to this surface.  

We introduce the notation 

s t ' = - ~ 0 ,  s j = ~ j ,  T o ,  s + =  k_+ 
60 

where cri' , ~i" ( i= l ,  2) are  the principal  s t r e s ses  acting in the upper and lower layers ;  ~s  • ks• a re  the 
yield points of the mater ia ls  under tension (plus) and compress ion  (minus) of the upper and lower l ayers  
respect ively;  g0 is the yield point of a cer ta in  conventional material .  

We assume that the mater ia ls  of the l ayers  are  r igidly joined to one another and each of them in the 
limit state satisfies the plast ici ty condition of P. P. Balandin [6] which is l inearized according to the 
type of l inearizat ion of the Mises ellipse by the Tresea  hexagon (Fig. 1). Here we have introduced the 
notation 

~, = (~+~ "- 7+~ - -b ~-2),/~, A1 = ~- --  T + 
s .  = (s +~ - -  s+s - -}- s-2) 1/', A~ = s- - -  s + 

Assuming that the Ki rchhof f -Love  hypothesis is valid for  the entire c ro s s  section of the shell, we 
express  the principal  s t ra in  ra tes  ~i (i =1, 2) in t e rms  of the s train ra tes  ~i0 and the curvature  ra tes  ~i 
of points of the reference  surface 

ei = ~o - -  z'h, z = 2Z  ~'(hi + h~), ~ = 1/~ (hi + h~) iq  

where h 1 and h 2 and the thicknesses  of the upper and lower layers  of the shell. 
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T h e  i n t e n s i t i e s  o f  the  f o r c e s  an d  m o m e n t s  a c t i n g  in  t he  s e c t i o n  of  the  s h e l l  a r e  i n t r o d u c e d  b y  t he  e x -  
p r e s s i o n s  

0 ht 0 hz 

Tr = ~%'dZ 3- S %'dZ, M~ = I ~'ZdZ 3- i z~'ZdZ, i = t , 2  (1.1) 
--h~ 0 --h~ 0 

A s s u m i n g  t h a t  the  s h e l l  t a k e s  up a l l  t he  l o a d - c a r r y i n g  c a p a c i t y  w h e n  bo th  i t s  c o n s t i t u e n t  l a y e r s  r e a c h  
the  l i m i t  s t a t e ,  u s i n g  t h e  p l a s t i c i t y  c o n d i t i o n s  a n d  the  a s s o c i a t e d  f low r u l e  adop ted ,  i t  i s  no t  d i f f i cu l t  to e s t a b -  
l i s h ,  j u s t  as  in  [7], t h e  s t r e s s  d i s t r i b u t i o n  in  t he  l i m i t  s t a t e  of  the  s h e l l .  The  s u b s t i t u t i o n  of  t h e s e  s t r e s s e s  
in to  (1.1) ,  a f t e r  c e r t a i n  t r a n s f o r m a t i o n  e n a b l e s  u s  to o b t a i n  the  f i n a l  r e l a t i o d s h i p s  b e t w e e n  the  f o r c e s  a n d  
m o m e n t s  in  the  l i m i t  s t a t e  of the  s e c t i o n  of t he  s h e l l .  

In  t he  f o l l o w i n g  i t  i s  c o n v e n i e n t  to  u s e  t he  f o l l o w i n g  d i m e n s i o n l e s s  q u a n t i t i e s  

T i 2 (  A~ ~cth,  ), 
t i =  ~oh,(l+~) = , + r  ti* 

ml -= ~oh~(t -4- ~)~ = m~* 2 ' (i + ~)~ 

ti* ~___ 1/2 (as.  - -  7 . )  = t~• mi* -4- x/2 (c~s. + ~,)  = m~• a = h~ / hi 

[~i + = 2 [-4--4- mi•  - -  (tr177 5i• = 2 [_%~ me• - -  (ti• i = t ,  2 

~j•  = 2 l-i- (m~• - -  ms* ) s ,  - -  (t~• - -  t~*)21'/2, 

6,~• = 2 [_--% (m~• - -  m~*) "r - -  (t~• - -  t:*)~lv,, i, ] = t ,  2; i =/= ] 

P l a s t i c  s t a t e s  c o r r e s p o n d i n g  to  t h e  s i d e s  of the  h e x a g o n s  in  F ig .  1 w i l l  be  c a l l e d  r e g u l a r  s t a t e s ,  whi le  
s t a t e s  c o r r e s p o n d i n g  to  the  c o r n e r s  w i l l  be  c a l l e d  s i n g u l a r  s t a t e s .  T h e n  the  f i n a l  r e l a t i o n s h i p s  a n d  t he  
c o r r e s p o n d i n g  f low r u l e s ,  fo r  c a s e s  w h e r e  r e g u l a r ,  o r  a g a i n  the  m a x i m u m  n u m b e r  of s i n g u l a r  p l a s t i c  s t a t e s ,  
a r e  r e a l i z e d  a c r o s s  t h e  t h i c k n e s s  of  t h e  s h e l l  ( in  t h e  b r a c k e t s  we have  shown  the  p l a s t i c  s t a t e s  c o r r e s p o n d -  
trig to  F ig .  l a ,  b a n d  m e a s u r e d  f r o m  the  u p p e r  edge  of the  s h e l l ,  a s  w e l l  a s  the  p a r a m e t e r s  z01, z02 , z01' , z02' , 
l ,  m,  n, p, q, r ,  wh ich  s e p a r a t e  t h e s e  s t a t e s ) ,  have  the  f o r m  

(A~ B~zo,D1E1, D~E~) o r  (DtE~zo~A~B1A~B,) f o r  i = 2 

(A1FlZolCIDt, C~D~) o r  (C1DlZolA1FI, A~F~) f o r  i = 1 
t~+ 0 

m~ + = -4- (tC)~ zo~ = + ~ , zo~ q = r, p = - -  
- -  T ,  ' 0 ' 

0 
2:01 = p = q, r = --6" 

(1.2) 

f o r  5=s, 

(A1BI, A~B2zo2'D2E~) o r  (D~E1, D,E~zo2'A,B:) fo r  ~ " 2 

(A1F1, A2F~zol'C2D2) o r  (CtD1, C2D~zol'A~F,) f o r  i = 1 

rnl + = -~- (ti+)~ t(t: z ' _ _  ~,  ; z J  = +___-~, ; o~ = r e = n ,  

l =---~ ; z o t ' = l = r a ,  n = ~  

(B~C~zo3E~F~, E~F2) o r  (E~Ftzo3BtC~, B2C~) fo r  6 = ~ .  

(B1C1, B2C~zo3'E2F2) o r  (ELF1, E~F~zo3'B2C2) f o r  6 = s .  
(t~+ --  tt*)2 t~ + --  tl* 

m~ + - -  ml* = ! 5 , Zo3 = p = r = ! ~-------~-- , 

0 t (  t:  - -  t~* 0 
' l - - - - n = - ~ - - - ,  m = - -  6- q ---~ "-6- ' Zo3 -~ - -  s. 

(AtPBlqCtrD1D2), (AlrFlqElpDtD2) o r  (VlrClqBtpA1, A2) 

(DtpE~qFffA~, A~) f o r  6 = 7 . ;  (A1A~IB~mC2nD~), 

(A~A2nF~rnE~ID~) o r  (D~,D~nC~mB~IA2), (D 1, D~lE~mF~nA~) 

) ] 5 [[ m~ "4" --  m, + ~ 4t~• rnl "4" --  m2 "4" + ~ (t~2 + t,:t:2 ) 

(1.3) 

(1.4) 

(1.5) 
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(CtrDapENFI, F2), 
f o r  6 = 7 . ;  (C a , 
(Fa, FznA2lB2mC2) 

~ i  [ '~-+ -- '~+ .+_ + ,  (q+ _ t2+)] P = 2 [ fi+__t~+ ~ 

q =  _ _ . + [  mi-b-m2"+'t~ + _  t2 + ~ ~--2(ta+-~- t'+)] 

r=v[ 

(CtqB~pA~rFIF3 )" o r  (F, qEapDarCaC2) (F~rA~pBiqCa, C2) 
C2nD2lE2mF2 ), (C~C2mB2lA~nF2) fo r  (Fa,F2mE~ID2nC2), 
fo r  6 = s.  

(B1, 
E~mF~nA2lB2) fo r  6----s,; (B~qCarDapEa, E2), 
(E~pDarC~qBa, B2), (EaqF~rAapBa, B2) fo r  6 = y ,  

ma-V=_+.T[-~-L~-T+-~ -) - V - - t ~ - ~ - + - - ,  ~ t ~ ' ]  
t { m,* __ 2t~* ~ - -  2t,~ ~ {  m,* 2t,* ] 

P =  --  .'-U~ t-~-'-t- '-~-. ] -+-- -~ .  ' q = 2 \ t'-/~-'-~ - '~-./, 

= ' + 2',* 1 r -Y-\t-~ - - i f - , /  
BsmC2nD21E~), (B~,BslAsnFsmE2) o r  (EL, E21D2nC2mB2) (E a, 

(BapAxrF~qE1, E2) or  

(a.6) 

6 F t [mz* ~_ 2fi* ~z-- 2t~ + [rex* . 2h*~_~_ 4 ,:k~] 
m2• t - U - - ' - 3 -  ) §  t--~-~---v--} ~ ~, o2 j 
p =  i___[m~*--2h*~ i (ma* 2ta* 1 

2 \~-V-+-W',) , q=-~- t-T--+-W-,; , 
I (m~* 2ta*~ 2t, • 

r = - - ~ -  t--~-+--ff-,/___+ T--7- 

(1.7) 

The e x p r e s s i o n s  fo r  the p a r a m e t e r s  l ,  m, 
ships  f o r  the p a r a m e t e r s  p, q, r by r ep lac ing  in 
[ - 2 / ( l + a ) < p < 0 < m < n < 2 a / ( l + a ) ]  f o r i = l ,  j 
B2, A2) [ - 2 / ( 1 +  ~) < r <  0 < m <  I < 2 ~ / ( 1 +  ~)] fo r  i=2 ,  j = l ,  ~?l=r, 772 =m,  ~/3 = 1 

_~ t ~ t  

t 
~h ---- ~ [-+- 2 (2ti• - -  ti• A- [lj• ~h = (-4- 2t~• &• 

~1~ = ~-~ ( +  2tj• + ~• 

n in the r e l a t ions  (1.5)-(1.7) a r e  obta ined  f r o m  the r e l a t i o n -  
t hem 7 ,  by s ,  (A1, Bl, B2, C2, D 2) o r  (D~, El ,  E2, F2, A2) , 
=2, ~l=p, T/2 =m, ~3 =n; (AI, FI, F2, E2, D2) or (DI, CI, C2, 

(1.8) 

(Et, D~, D,, C2, B~) o r  (B x, A~, A2, F,, E~), (--2](t  + (z) < p  < 0 < n < 
< m < 2 ~ / ( i  +~)) for i = i ,  j-----2,~a=p, ~ = m ,  riB=n; 
(C a ,Da, D~,E, ,F~)  o r  (FI, A,,A~, B~,C~), ( - - 2 / ( 1  + ~ ) < r < 0 <  
< l < m < 2 a / ( l  +~z)) fu r  i = 2 ,  j = t ,  ~ h = r ,  ~ ] , = m ,  ~ l s = l  

t + ~a = ~ [__ 2 (2t~* --  tjZF) "k- ~j:F], ~ = ~ (-T- 2t~:F -F ~jzF), 

~qa = ~ (--T 2tj~: - -  pjzF) 

(Ba, Ca, C2, D2, Ee) or (EI, FI, F2, A2, B2), (--2](I + ~ ) < q < 0 <  
< n < l < 2 a / ( l  + =)) for i---- I, ] = 2, ~h-- q, ~h = l ,  ~la = n; 
(Fa, El, E~, D,, C~) for_ (C a , B~, B2, A2, F~) ( - -  2 / (t + a) < q < 0 < l < 
< n < 2 ~ / ( t  + a ) )  f o r i = 2 ,  j =  t , ~ h = q , ~ h = n , ~ 1 3 = l  

mi* --= -+- a/$ {,r,-x [A- 2 (h* -4- tj• H- [3ji• - -  s ,  -a [-1- 2 (t~• - -  t~*) A- [~ji• 2} 

~13 = 1/2s:a [~+ 2 (t~ +- - -  h*) - -  ~• 

(C,, D,, EL, E2, F,) o r  {F,, A,, B a, B2, C,), (--2 / (t + a) < r < p  < 0 < 
< m  -k 2 a / ( l  + a ) )  f o r  i =  2 , ]  = t,  ~h = P ,  ~t2 = r, ~la = m; 
(EL, Da, Ca, C2, B=) for(BaAa,  F, ,F=,E~) ( - - 2 / ( 1  + a ) < p < r < 0 <  
< m < 2a / (l + a)) fo r  i = l ,  ] -= 2, ~h = r, ~l= = P, ~l~ = m 

(1.9) 

(1.10) 
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rni* = ___~ 1/~ {5., [_____ 2 (ti* - -  ti:;) - -  D~i~:] 2 - -  s. 1 iT- 2 (ti* -~ t~:~) - -  5~-T-]z} 

~11 = ~]27.  ~ [---+ 2 (t~* - -  ti~:) q-  6~,~:], ~1~ ----- 1 / 2 ~  [___~ 2 (ti* - -  ti:~) - -  5ii-~], 

Vls = a/~s~ [-~ 2 (t~* + t~:) - -  6~:~] 

(At, B1, C,,C~,D~) o r  (D~,E1, F1, Fs, A 2 ) , ( - - 2 / ( I  + a ) < p < q < 0 <  
< n < 2 ~ z / ( t  + a ) )  f o r i = 2 , ] =  l , ~ l l = P , ~ h = q , ~ l ~ = n ;  (A1, F1, E1, 
Es, D2) o r  (D~,Ca, B .  Bs, As) ( - - 2 / ( t  + a ) < r < q < 0 < l <  
< 2 ~ / ( 1  + ~ ) )  f o r •  t , ] = 2 ,  ~ l l = r , ~ l ~ = q , ~ l a = l  

rn~• = 11 s {7.1 l •  2t~• -4- 6i• -b 8:1 [-.~ 2 (2t,• - -  ti• ) - -  6i• ~} 
"Ill = I/2"~:1 (----~ 2ti• - -  5i• ~12 ----- 1/25.1 (-4- 2t~• + 5~• 

~ls = 1/~s. ~ [ •  2 (2tA - -  ti• - -  6i• 

(Fa, E~,D~,D2, C2) o r  (C~,B,, A~, A2, F 2 ) ( - - 2 / ( i  + a ) < q < p <  
~ 0 < n < 2 a / ( i  + a ) )  fo r  i = 2 ,  ] = - i , ~ i l = P ,  ~ l ~ = q ,  ~la----n; 
(B1, C1, Dx,, Du, E2) o r  (El, F~, A 1, A~, B~) (--  2 / (t + a) < q < r < 

(1.11) 

(1.12) 

< 0 < / < 2 c r  + a ) )  o r .  i = 1 ,  ] = 2 ,  ~ h = r , ~ l s = q , ~ l a = l  

m~* = -4-1/s  {7 .1  ( ~  2t~ + - -  6~• - -  s. 1 [ ~  2 ( 2 h *  - -  t~• --~-+]"-} 

~11 ---- V25. l(-q- 2ti• + 5~+), ~h = 1/27.1 ( ! -  2ti• - -  5~+), 

~]s -= 112s.1 [-~- 2 (2ti* - -  t; +) - -  5~• 
(1.13) 

In the e x p r e s s i o n s  p r e s e n t e d  above the upper  sign c o r r e s p o n d s  to the d i s t r ibu t ion  of the p las t i c  s t a t e s  
indicated in the f i r s t  p lace ,  while the lower  s ign c o r r e s p o n d s  to the d i s t r ibu t ion  of the s t a t es  indicated  in 
the second  place .  The p a r a m e t e r s  p, q, r ,  l ,  m, n, d e t e r m i n i n g  the o r d i n a t e s  of the s u r f a c e s  which s e p a r a t e  
the d i f ferent  p las t ic  s t a t e s  a c r o s s  the th i ckness  of the shel l ,  a r e  in t roduced  as  fol lows:  

p = - - ~ - ,  q =  ?~+r , r = - - ~ - ,  i + c t ~ z ~ 0  

~1o , ~1o + ~so ~2o r a = - -  n =  0 ~ z ~  2~ 

In each  of  the c a s e s  (1.2)-(1.13) these  p a r a m e t e r s  m u s t  sa t i s fy  c e r t a i n  inequal i t ies  giving r i s e  to  

c o n s t r a i n t s  fo r  the  c o r r e s p o n d i n g  po r t i on  of the l imi t  h y p e r s u r f a c e  o f  yield.  

2. When solving c e r t a i n  p a r t i c u l a r  c a s e s  we can use  t h r e e - d i m e n s i o n a l  y ie ld  s u r f a c e s ,  which c o n -  
s i d e r a b l y  s impl i f i e s  the p r o c e s s  of se l ec t ing  p las t i c  s t a tes .  In Fig. 2 we have shown the y ie ld  su r f ace  fo r  
a s y m m e t r i c a l l y  loaded c y l i nd r i c a l  shel l  (T2 =0). We shal l  p r e s e n t  the equa t ions  cons t r a in ing  the p a r t s  of  

its su r face .  

The p a r t s  obta ined by  means  of r e g u l a r  s t a t e s  of  the y ie ld  condi t ions  in t e r m s  of  s t r e s s e s  (Fig. 1) : 

ass, + 7 ,  4@, ( -  2t1" q- as,  - -  T , )  ~, ml* ---~ 2 

7 ,  + as .  ~ t l*  ~ as ,  - -  7 ,  ( 2 . 1 )  
2 2 

ass, §  i (2t1" ~- as ,  - -  5,Y' ,  
m l *  = -  2 + 

3r* + ~s. ~ tl* ~ 7* -- ~s, (2.2) 
2 2 

4•, 7, § us, 
ml* -- 2 q- (2tx* -4- as,  - -  5,) ~, 2 2 (2.3) 

ass, + ~, t as,--  T, ~ ta* ~ T, + as, (2.4) 
ml* ~--- 2 47, ( -  2t1" + as ,  - -  7,) ~, 2 - 2 

The p a r t s  ob ta ined  by m e a n s  of  s ingu la r  p l a s t i c  s t a tes :  
ts* = ( a s ,  + 5 , ) / 2 ,  0 ~ t l * ~ ( a s ,  + 7 , ) / 2  

t2* - -  tl* = (as ,  + y , )  / 2, - - ( a s ,  + ~ / , ) / 2 - ~ t a * ~ 0  

ml* = (a2s. -~ y.) / 2 - -  1/23.-1 {[2 (t2* - -  tl*) --  7.] 2 + (--  2t2" + as.)2} 

(2.5) 

(2.6) 

(2.7) 
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F-  -l--Tr :, t g , I  )7 sl 

Fig. 1 

r" 

8 ) " 

lz.sq), 

G.Z) i/  (2.0 

Fig. 2 

/ 

f ,' \ '7 / \\ ~'\ 

- ~ -  . . . .  -t~*- 7 I \1 I 

to._ j i, / 
/ 

,,,,, 

Fig. 3 

m? 

ral* = l a b ,  + ~/,) / 2 --  1/~ {y,-i ( _  2t2" + as,)s, + s  -112(t~* - -  ti* ) - -  ~,1~} 

ml* = (aSs, § y,) / 2 --  1/~y,-1 {{2(t~* - -  tl*) - -  y,]S § (--  2t2" § as,) ~} 

m~* = - -  (a~s, + y,) / 2 + i/2 s, -1 {[2 (t~* --  t2*) + as,] 2 + (2ts* - -  y,)2} 

m~* = - -  (aSs, + y,) / 2 + V2 {Y,-~ [2 (h* - -  ts*) + ~ , P  + s, -~ (2t2" --  y,)~} 

m,* = - ( ~ r  § y , )  / 2 + ~/s '~,-~ ([2 ( t p  - t~*) + as,]~ + (2t~* --  y,)2} 

(2.8) 

(2.9) 

(2.10) 

(2.11) 

(2.12) 

The su r f ac e  (Fig. 2) is s y m m e t r i c a l  about the o r i g i n  of the coord ina te s .  The n u m b e r s  in Fig.  2 d e -  
note the c o r r e s p o n d i n g  s u r f a c e s  given by Eqs .  (2.1)-(2.12). 

The f low ru le  f o r  any pa r t  of  the su r f ace  p r e s e n t e d  in Fig.  2 is wr i t t en  in the f o r m  

~i0:~0 : ki = 0/ 0i 0! 
Oti : Ots : Omi 

(2.13) 

where  k 1 = - 1 / 3  "YI and f (tl, t2, ml) =0 is the equat ion (in coo rd ina t e s  without  the a s t e r i sk s )  of th i s  su r face .  

In the following, when solving the p r o b l e m s ,  we use an  app rox ima t ion  of  the su r f ace  thus found, th is  
app rox ima t ion  having been  obtained by cont inuing the p a r t s  (2.1)-(2.6) (and the p a r t s  s y m m e t r i c  to them) up 
to  the i r  in te r sec t ion .  In the  c a s e  t I = t  2 the l imi t  r e l a t i onsh ips  ob ta inedby  means  of r e g u l a r  s t a t es  have the f o r m  

a~s. -1- "r. 
ml* 2 ? . .  (2t* -4- as, - -  ~;,)~, (2.14) 

a~. 4-~. ~ t* ~ T. ~ ~s. 
2 2 
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m~*= a~s,+T,2 47,t ( - - 2 t * + a s ,  _ 7 , )2  ' a~, - -~ ,2  ~ t* ~ =s,+~,2 (2.15) 

a~* + ";* -}- ~ (2t* + as, - -  7,) 2, ml* : 2 

ra~* = a~s, --}- "f, i 
2 4~, ( -  2t* + as, + 7 , )  2, 

2 ~ t * ~  2 

a s . + T ,  t* as , - -~,  
2 ~ ~ 2 

(2.16) 

(2.17) 

rn~* --  ml* = (a~s, + "f,) / 2 --  (as, - -  ~,)2 / 45, 
= 7 . ;  a s , ~ 7 , ,  5 = s . ;  a s . > ' ; ,  (2.18) 

The l imi t  r e l a t ionsh ips  obta ined by  m e a n s  of s ingu la r  s t a t es  (for a s .  <_ T,)  have the f o r m  

_____ ms* = 1/s [7:1 ((L.g$ - -  75 - -  5122[:) 2 - -  S .  1 ('-~--- 4t*  -I- u s ,  - -  T, - -  5i~-) ~] 

m2* = - -  1/s [7:1 (..3~-- 2t* + a s ,  - -  7 ,  - -  5i:~) 2 - -  s .  i ( !  2t* + a s ,  - -  T ,  - -  5i~') e] 

-4- m2* ---- i./s [7.1 (--!-~ 2t* + as, - -  %, 4- ~iT-) ~ - -  s. i (-T 2t* -k- a s ,  - -  7 ,  -t- [tlq:)~] 

The su r f ace  is s y m m e t r i c  about the o r ig in  of the coord ina te s .  

Ana logous l y  to the p r e v i o u s  case ,  in the so lu t ion  o f  the p r o b l e m  it is m o r e  convenient  to use  an app rox -  
imat ion  of  the given su r f ace ,  th is  app rox ima t ion  having been  obta ined by cont inuing its p a r t s  (2.14)-(2.18) 
and those  s y m m e t r i c  to  them as  f a r  as  the i r  i n t e r sec t ion .  In Fig.  3 we have p r e s e n t e d  such an a p p r o x i -  
mated  su r face .  

P r o c e e d i n g  f r o m  the e x p r e s s i o n  for  the ra te  of d i s s ipa t ion  of  mechan ica l  e n e r g y  dur ing  a p las t i c  flow 
in the c a s e  t 1 =t  2 =t ,  we find that  the flow ru le  f o r  any p a r t  of the su r f ace  thus  obta ined  will  be 

(El0 + g20) : ]~1 : ~2 = 0] �9 0 t 0] "~-" 0?7t I : Om~ (2.19)  

where  k i = - l / 2 ~ i  ( i = l ,  2) and f(t,  ml, m2) =0 is the equat ion  of  th is  par t .  

3. As an example  we c o n s i d e r  the p r o b l e m  of d e t e r m i n i n g  the l imi t  load fo r  a e l o s e d c y l i n d r i c a l  shel l  
with plane l ids at the ends,  sub jec ted  to an in te rna l  p r e s s u r e  of in tens i ty  q. We a s s u m e  that  the shel l  and 
the c i r c u l a r  plate  (the lid) a r e  made of a b ime ta l  with ident ica l  cons t i tuen t s  (i.e., with ident ical  base  
m a t e r i a l s  and ident ica l  m a t e r i a l s  of the p la t ing  l aye r s ) ,  but with d i f ferent  t h i c k n e s s e s  of  the l a y e r s  in the 
c y l i n d r i c a l  p a r t  and in the l ids .  

We p r o p e r l y  r e f e r  the shel l  to  a c y l i nd r i ca l  coord ina te  s y s t e m  with the o r ig in  on the su r f ace  s e p a r a t -  
ing the l a y e r s  of  the b imeta l  and dividing the g e n e r a t o r  of the cy l inde r  of length 2L into equal  halves .  The 
X ax is  is d i r ec t ed  a long  the g e n e r a t o r ;  the Z ax i s  is d i r e c t e d  a long the inner  n o r m a l  of  the  shell .  The plate  
is r e f e r r e d  to  an r ,  Z '  coord ina te  s y s t e m  with the  o r ig in  on its su r f ace  s e p a r a t i n g  the s u r f a c e s  at the c e n -  
t e r  of  the plate .  The r axis  is a s s u m e d  to be d i r e c t e d  a long the r ad iu s  of the plate;  the Z'  ax is  is d i r e c t e d  
a long  the n o r m a l  to  the p lane  s e p a r t i n g  the l a y e r s  and d i r e c t e d  into the shell .  

We in t roduce  the fol lowing notat ion 

x 2z r 2z' h~ 
x = - z - ,  z =  hi+h------7' ~ : - h - '  ~ =  H~+~------7' a ~ = - ~  

Vn H~ b'o 2IYV~ an = - i f"  (3.1) a2 = -H-~' ti~ = - T - '  w~ h l + h ~  ' 

�9 2 w n  qR 
wn = HI~-H2 ' P - -  60hl(l-~ct~) 

whe re  h and hi2 a r e  the  height  of  the upper  and lower  l a y e r s  of the shel l ;  HI, H 2 a r e  the c o r r e s p o n d i n g  
quan t i t i e s  fo r  the  plate  (the l a y e r  loca ted  in the p o s i t i v e  d i r ec t ion  of the [ ax is  is t aken  as  the l ower  l ayer ) ;  
R is the rad ius  of the p la te  (the shell) ;  lJ0, W0, Un, Wn a r e  the r a t e s  of d i s p l a c e m e n t  of poin ts  on the s u r -  
face  s epa ra t i ng  the l a y e r s ,  in the d i r ec t ion  of the x, z, ~, ~ axes  f o r  the shel l  and the plate  r e spec t i ve ly .  
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Taking  into accoun t  the notat ion (3.1), we wr i te  r e l a t ionsh ips  of  the K i r c h h o f f - L o v e  hypothes i s  in the 
f o r m :  

t ion:  

a) fo r  the shel l  

�9 dao ( ~ t ,  (~ + ~,1), d,~o 
~1 ~--- elO - -  Z~I '  P~IO = " -~X '  ~1 = 4 dx 2 ' 

�9 t - ~ r  h l .  
e2 = %0 = 2 R w~ 

(3.2) 

b) fo r  the plate  

dh n 5 n 
s = ~,0 -- ~%, ~o = ~oo - -  ~%, ~o - -  d~ ' ~oo = q -  

( H )  ~ a ~ / V n  ( _ ~ ) ~ ( t - } - c t , ) '  t d/on 
- -  4 d~z ' 70 = - -  4 ~ d~ 

(3.3) 

We c o n s i d e r  t h r ee  poss ib le  c a s e s  where  the l o a d - c a r r y i n g  c a p a c i t y  is ful ly taken  up by  the c o n s t r u c -  

1) the shel l  is in the l imi t  s tate  (the plate  is r igid);  

2) the plate  is in the l imi t  s ta te  (the shel l  is rigid) ; 

3) the en t i re  c o n s t r u c t i o n  is in the l imi t  s tate.  

To find the r e l a t i onsh ips  between the p a r a m e t e r s  of the shel l  and the  plate  which lead to the c a s e s  
e n u m e r a t e d  above,  we mus t  solve each p r o b l e m  sepa ra te ly .  

1. A Cyl indr ica l  Shell with Rigidly  Bui l t - in  Contour  That  Can Move in the Di rec t ion  of the Genera to r .  
The shel l  is loaded by an  in te rna l  p r e s s u r e  of in tens i ty  q and a fo r ce  T O =qR/2  un i fo rmly  d i s t r ibu ted  o v e r  
the ends and pul l ing a long the g e n e r a t o r .  

The equa t ions  of  equ i l ib r ium of an e l emen t  of  the shel l  a r e  

dr1 a~rnl ~h~  ~ 
- - ~  = O, dx~ ~" 2 ~1 (t~ - -  p) = 0 

'2R L (3.4) hi (l + al) 
~i= H,O+as)' ~= H1(i+~,)' ~=-h- 

In view of symmetry of the problem, in the following we consider only one half of the shell 0 <_ x _< i. 

The boundary  condi t ions  a r e  wr i t t en  in the f o r m  

Q = d r a  I / d x  = 0 ,  f~o = O , d ~ o / d x =  O,x = 0 (3.5) 

To f r o = O ,  ~ = 0, x = i tl =- to = qohl (| "4- Ctl) ----- ' (3.6) 
Q = 4 L Q  ~ I ~ohl 2 (i + ax) 2 

where  Q~ is the s h e a r  fo rce .  

F r o m  the loading condi t ions  of  the shel l  we d r a w  the conc lus ion  that ,  in its l imi t  s tate ,  a p las t i c  s tate  
app rox ima ted  by a y ie ld  su r f ace  that  is ana logous  t o t h e  p a r t  (2.5) (see Fig.  2) is fulf i l led:  

t~ = t~o = [al (s. - -  A~) + 7. - -  A l l / ( t  + a,) (3.7) 

Using the e x p r e s s i o n s  (2.13), (3.5)-(3.7), we find the flow ru le  

/~1o = 0, Y1 = 0, a o = 0, wo = A ( x - -  t) 

Since the re  is no poss ib i l i t y  of  sa t i s fy ing  the las t  one of  the boundary  condi t ions  (3.5), (3.6), the 
c i r c l e s  x=0  and x = l  will  be hinged [8]. Thus,  ins tead  of these  boundary  condi t ions  we mus t  sa t i s fy  the 
fol lowing condi t ions  [see (2.1)-(2.4)]:  

4 1 f ~1~ (s, + A2) + T. -- al 1 + -~- ,  [(t + ax) t 1+ A1 § ax (s, + A~) - -  T,12t m l  (3.8) l 2 ) 
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if ~/, - -  axs, ~< (1 + a,) t, + A, + ~zih~ ~< y ,  + a , s ,  

rn~ -= ~ --  2 ~- ~ [(l + c%) tx -}- a I -}- (X 1 (8 ,  -~- a2)  - -  ~,,]2 

if 0 ~ < ( t  +r t, + A, + a , h ~ < ~ / , - - c % s ,  fo r  x = 0  

{ ~ , ( ~ . -  a~) + ~ ,  + a~ ~ } " 
m ~ =  ~ 2 - - - ~ ,  [ - - ( t - 4 - c h ) t ~ - - h ~ + a ~ ( s , - -  h ~ ) - - ' ~ , ]  ~ for  x 1 (3.9) 

Solving the equa t ions  of equ i l i b r ium (3.4) with the condi t ions  (3.7) and sa t i s fy ing  the bounda ry  cond i -  
t ions  at the c e n t e r  of  the shel l  and the f i r s t  condi t ion  (3.6), we find 

~, ~32 X 2 m~ = ~ (p - -  t~o) -~ [ + ' * - ; (3.1o) (I § cll)~ 2 + ~ (p ~ alS, , t~ -- 2 

H e r e  it was  a s s u m e d  that  

P* = 1/2 ( ]  "3c ~1) P + 51 + aih2 > y ,  --  azs, 

i .e . ,  the condi t ion (3.8) is sa t i s f ied .  

Subst i tut ing the e x p r e s s i o n  for  m 1 f r o m  (3.10) into Eq. (3.9), fo r  the f inding of  the l imi t  load p a r a m -  
e t e r  we obtain the  fol lowing quad ra t i c  equa t ion  

p,2 s. + %. + p ,  [(1 + a ~ $~$s2 ~ % -- s, ] __ (ax~s, + T,) - -  4~,~, lj 2~1 + ( a l s , - - T , j  2s,7, J 

- -  ( i  "~ ~1) 4~1 [0L1 (8, ~- 52) "2 F ~ ,  -~ Axl § (a~s, - -  y,)2 ~* 4~.~. § ~* = 0 

When p* = T * + a l s , ,  the shel l  fa i l s  due to the ac t ion  of  the axial  load. 

2. A C i r c u l a r  P la t e  Rig id ly  F ixed  a long  the  Outline.  Subjected to an In te rna l  P r e s s u r e  of In tens i ty  
q (the 6ase  where  (~2s,<_T,). 

The equa t ions  of equ i l ib r ium of an e l emen t  of  the plate  a r e  

d , 4  

d~" (~t,) - -  to = O, ~ (~m,) --  m0 = Q,~, 

4QoR 
Q* = ~o(z~, + n ~ / =  ~ ' P ~  

(3.11) 

where  Q0 is the s h e a r  fo rce .  We a s s u m e  that  in the l imi t  s ta te  of the plate  the s t r e s s  s tate  c o r r e s p o n d s  to 
the  condi t ion  t r =t  0. Then  f r o m  the f i r s t  equat ion  of  equ i l i b r ium f r o m  (3.11) we find t r =t o = t = c o n s t  > 0 (0 
(0 _< ~ <__ 1). 

The bounda ry  condi t ions  of  the p r o b l e m  a r e  

G=-to ,  m r = t o o ,  Q 0 = 0  for  ~ = 0  (3.12) 

t i , -~0 ,  #;,~=0, d f v , ~ / d ~ = O  for  ~ = i  (3.13) 

F r o m  the loading condi t ions  we conclude  that  in the l imi t  s tate  of the plate  the fol lowing p las t i c  s t a t e s  
a r e  r e a l i z e d  [see Fig.  3 and (2.14)-(2.18)] 

fo r  0 ~ y , - - a 2 s , ,  ~ = ( t  + a 2 )  t + A ~  § 

[ ' (3.14) 

2 

(3 .15)  

fo r  7 ,  - -  ass, ~< T ~ 26 
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2 r 1 
0 < ~ < p:  m0 = ~ L ~ ,  (~ -F a , s ,  - T,)  ~ - a ,  ~ (s ,  3- A,)  - -  ~r, A- A~] 

t) -< ~ -< 1: the condition (3.15) 

f o r 2 ~  T ~  a 2 s , + 2 %  

0 -< ~ -< 1: the condition (3.16). 

The coordinate  t* = ~ of the point H (see Fig. 3) is de te rmined  accord ing ' to  the express ion  

(3.16) 

~ =  - -  b + ] / b 2  - -  4ac  s,  -F T, b = 
2a , a ~ s,T-------- ~ 

4s, 2 

(T, -- s,) (a~, -- T.) 
$*T, 

In the following only Case 1 is considered.  Fo r  this ,  using the re la t ionships  (2.19), (3.3), (3.14), (3.15) 
and sat isfying the continuity conditions for  the d i sp lacements  and dwn/d~ for  ~ = p ,  as  well as  the f i r s t  two 
conditions f r o m  (3.13), we find 

t = (1 + a2) -1 [~'. - -  A1 - -  as (s ,  § A2)] 

~ . = 0 ,  w , = w , i ~ p - ~ ( p l n p - - t ) + t l  for  0 ~ p  
~ = 0 ,  z ~ = @ . p l n ~  for p ~ i  

(3.17) 

F r o m  the re la t ionsh ip  (3.17) we see that Case 1 is cons idered  with just if icat ion,  since the requ i red  
inequality for  it is fulfilled. 

Integrat ing the equations of  equi l ibr ium in each of the zones and sat is fying the continuity conditions 
for the t rans i t ion  of the quantity mr ,  through ~ = p, and a lso  taking into account the re la t ionship  (3.14), 
a f t e r  having sa t is f ied  the boundary conditions (3.12), we obtain 

2 _ + f o r  0 < < p mr = ~ [A1 - -  T,  - -  as s ( s .  -~ A2) -~ ~ (T --~ ass * 

-l- -~. 4- a2s. - -  a2SA~ + h~} 4- x / s ~ P ~ 2  for  p ~ ~ ~ t 

6 [ a 2 S s , + , r ,  ( ~ , _ -  ~,)~ 1 }'/, 
P = { p.~1~2 (t "~- a2) "2 2T* J 

(3.18) 

Since it is not poss ib le  to sa t i s fy  the condition (d~vn/d~) (~ =1) =0, for  ~ =1 the re  ex i s t s  a p las t ic  
hinge [8] and the boundary condition has  the f o r m  

4 [ a: 2 (s, - -  A~) § T* -4- hi  
mr = (1 § a~)~ 2 

F r o m  the las t  condition we find that 

P =  (t + :~)~,~[ (a22s* ~- ~f,) (2.5 - - lnp)  

(a~s, - T,)~ ] f o r  ~ = 1 

(a2s,2T.-- ~*)~ (4.5 --  In p)] 

3. A Cylindrical  Shell with Plane Lids. In this  case  the exp res s ions  for  the moments  in each of the 
consituent cons t ruc t ions  a re  the s ame  as  in the f i r s t  two cases .  To find the l imit  load p a r a m e t e r s  we must  
sa t i s fy  the continuity condition of the moments  (MI, Mr) on the joint of the const ruct ions ,  and a lso  the con-  
dition 

4Lhl~ (i ~- aD'~ ~dml (X ~-- i)  = t i l l  (i -]- a~) 

(the condition that  the shear  force  in the shell  (x = 1) and the tensi le  force  in the plate (~ = 1) a r e  equal). 

Finally,  to find l imit  load p a r a m e t e r  in Cases  1-3 (see 3.14)-(3.16) we find: 

Case 1 for  v =0 and Case 2 for  ~ =1 

2 t ~,,1 ( + _ l n  p) _ ~ * = ~ { [ -~ ,  (%s,  - -  , , )2  - -  a2's, - 

Jr 
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and Case 3 

@ =  - -  i 

where p is determined f r o m  the express ion  (3.18), while 

t = ~ , ~  [ p  I ~' ('* - ~ )  + ' r *  - A, l 
fu j L 

In Figs.  4 and 5 we have represen ted  the graphs of the l imit load depending on the geometry  p a r a m -  
e ters  /~ and a = a I = a2ln the case /32=20 , fi3=5.0, T + = ' y - = l .  Solid lines denotes the graphs for the 
l imit load of the r igidly fixed plate, the dashed lines denote them for the limit load of the cyl indr ical  shell 
with r igid lids, and the dash-dot ted lines denote them for the case when the plate and the shell a re  in the 
limit state. 

If we consider  the limit state of the construct ion as a whole, then for the given geometr ica l  p a r a m -  
e ters ,  in the role of the l imit load we must take the least  of the three values of p. For  those values of 
the p a r a m e t e r  for which the limit load for the r igidly fixed plate and the cyl indr ica l  shell with r igid ends 
coincide, the entire construct ion is in the limit state. The construct ion p a r a m e t e r s  fo r  which the last  case 
of limit state is rea l ized  should be considered optimum. On the graphs the corresponding points are  de-  
noted by c i rc les .  

If the dash-dotted line runs  below the res t ,  then in these cases  the entire construct ion is also in the 
limit state. 

When a = a  I = a  2 inc reases  (an increase  of the thickness of the layer  of the s t ronger  material ,  main-  
taining the thickness of the construct ion as a whole), the value of the limit load increases .  

F rom the compar ison  of the graphs of Figs. 4 and 5 we see that a replacement  of the isotropic 
mater ia l  of one of the l aye rs  with a mater ia l  having different moduli, with a reduced yield point in tension, 
leads to a considerable  reduction in the limit load of the optimal design. But such reduction percen tage-  
wise is below the reduction of the yield point. Thus, a reduction of the yield point of the lower layer  by 
44% leads to a reduction of the l imit load by 27%, when a =0.5; it amount to 10%, when a =0.1. 
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In Fig. 6 we have r ep resen ted  the resu l t s  of calculat ions to find 
P the optimal p a r a m e t e r s  for  a two- layered  construct ion made of s ta in-  

' l ess  steel  (d=7.7 g / em 3, ~s  += ~ s - = 7 0  k g /m m  2) and an aluminum 
1.Z ~ f l 8 = ~ 5 . _ ~ : ~  alloy (d=2.85 g / cm 3, as+=r - =59.5 kg/mm2). We have taken ~ =~1 = 
1.0 ~ ~ 2 " ~ ' ~  ~2 =0.85, f12 =20. The solid l ines a re  plotted for  the case where the 

upper layer  is made of the s ta inless  steel ,  while the lower l aye r  is 
~ -  . . . . .  ~3 = 5 made of the aluminum alloy. The dashed l ines denote the curves  for  a 

0.8 ~ \ \  s ing le - layered  construct ion of s ta inless  steel  having the same weight 
\ as  the two- layered  construction.  If the a r rangement  of the l ayers  of 

0.~ \\  ~ ,~ the bimetal l ic  construct ion is a l t e red  so that the upper layer  will be of 
, \  [~.5 the aluminum alloy, while the lower will be of s ta inless  steel,  then in x ~ 3= 0 

g'q " , ,  ~ compar i son  with the preceding case,  for  small  values  of ill, the l imit 
" -  ~ load is a lmost  unaltered,  while for /3  ~ > 0.4 it is higher by approxi-  

0.2 " " - -  mately 4-5%. The corresponding curves  prac t ica l ly  merge with those 
presen ted  in Fig. 6, 

o o.2 o.q g.~ o.8 ~.7 Comparing the values  of the limit loads for  the optimal designs, .  
we can conclude that the rep lacement  of the s ing le- layered  cons t rue -  

Fig. 6 
tion with a two-layered construction of the same weight, when one of 
the layers has a reduced yield point, does not lead to a significant 

reduction of the limit load, and in certain cases it can lead to an increase in it. Thus, in the case considered 
a reduction in the yield point by 15% leads to a reduction of 4% in the limit load of the optimal design for 
f13 =0.5. When fi3 =5, it is 3.3% higher than the limit load for a slngle-layered steel construction. 
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